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Outline
•Introduction

•Chiral soliton lattice

•Domain wall Skyrmion

Son and Stephanov (2008); Brauner and Yamamoto (2017)
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Baryon
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•Elementary Degrees of freedom = Quarks (up, down)

•Baryon = Particle composed of quarks
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Meson
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•Nambu-Goldstone (NG) mode of spontaneous chiral symmetry breaking

•Degrees of freedom of the low-energy dynamics = Pions
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SU(2)R ⇥ SU(2)L ! SU(2)V
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Skyrmions

5

•Can the baryons be made by pions (rather than quarks)?

- How many times R3 surrounds the 
configuration space of the pions S3.

Baryon as soliton = Skyrmion
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Solitonic phase

6

•Generally, topological solitons are energetically unstable…

•You can find the case where solitons appear in ground states!

The twisting spin structure is spatially localized = soliton

monoaxial DM interaction in the form of !D " S1 # S2

between localized neighboring spins S1 and S2 along the
crystallographic c axis in Cr1=3NbS2. Here, D represents
the DM vector. Competition between DM interaction and
the isotropic ferromagnetic (FM) coupling (J > 0) gives
rise to the helical structure of spin magnetic moments
SðzÞ ¼ Sð cos!ðzÞ; sin!ðzÞ; 0Þ with the azimuthal angle
given by !ðzÞ ¼ Q0z, as shown in Figs. 1(b) and 1(c). z
is defined as a coordinate along the helical axis (c axis) and
Q0 is the single modulation wave number of the helix given
by Q0 ¼ a!1

0 tan!1ðD=JÞ with a0 being the atomic lattice
constant along the helical axis (1.21 nm in Cr1=3NbS2
[21]). Importantly, the direction of D determines whether
spin magnetic moments rotate in a left- or right-handed
manner along the helical axis, thus providing chirality to
the given magnetic helix and calling it CHM. The magni-
tude of D ¼ jDj is usually 1 or 2 orders of magnitude
smaller than J because of its relativistic origin. Therefore, a
spatial period of CHM, Lð0Þ ¼ 2"=Q0 ffi 2"a0J=D
amounts to some tens of nanometers in chiral magnetic
crystals, which is obviously incommensurate with respect
to the background atomic lattice.

Under magnetic fields applied perpendicular to the hel-
ical axis, the magnetic field favors FM domains commen-
surate to the atomic lattice because of Zeeman energy

while the DM interaction tries to keep incommensurate
CHM. This situation is well reproduced by the effective
one-dimensional chiral sine-Gordon model [10–12,17–20].
Consequently, the order of CHM is periodically distorted
and CSL appears as the ground state unique to chiral
magnetic crystals in the magnetic field as shown in
Fig. 1(d). CSL is the nonlinear magnetic superlattice con-
sisting of forced FM domains periodically partitioned by
360( magnetic domain walls. The period of CSL is given
by LðHÞ ¼ 8Kð#ÞEð#Þ=ð"Q0Þ [10–12,17–20], whereKð#Þ
and Eð#Þ, respectively, denote the elliptic integrals of the
first and second kinds with the elliptic modulus # (0 )
# ) 1). The modulus # is determined by minimizing the

CSL formation energy and given by #=Eð#Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
H=Hc

p
,

whereHc ¼ ð"a0Q0=4Þ2JS corresponds to # ¼ 1. #=Eð#Þ
monotonically increases from 0 to 1 as # changes from 0 to
1. Then, Hc has a meaning of the critical field strength
at which the continuous phase transition from CSL at
H <Hc to the commensurate forced FM states state at
H >Hc occurs. Using the relations Kð0Þ ¼ Eð0Þ ¼ "=2,
we see that the dimensionless ratio LðHÞ=Lð0Þ given by

LðHÞ=Lð0Þ ¼ 4Kð#ÞEð#Þ="2; (1)

which depends solely on H=Hc. As H=Hc increases,
LðHÞ=Lð0Þ evolves monotonically toward infinity at
H=Hc ¼ 1.
Magnetic structure of Cr1=3NbS2 was first investigated

experimentally by small-angle neutron diffraction at zero
magnetic field [21]. Below the Curie temperature TC ¼
127 K, Cr1=3NbS2 exhibits a magnetic Bragg peak of
0:13 nm!1, which was considered as a manifestation of
helical order with magnetic moments rotating in the
ab plane in a 48 nm period along the c axis.
In the meanwhile, a steep change of magnetization atHc

applied perpendicular to the helical axis was interpreted as
the discontinuous phase transition between CHM and
forced FM states [5,21]. However, an intermediate phase
in perpendicular fields below Hc was not identified as
CSL state.
The transition at Hc should be interpreted as the con-

tinuous I-C phase transition theoretically envisioned by
Dzyaloshinskii [10]. This type of transition was actually
reported to occur in Ba2CuGe2O7 [22]. Recently, we re-
examined magnetization profiles of Cr1=3NbS2 and found
that the data indirectly suggest a formation of CHM and
CSL [12,23].
Previous theoretical treatments demonstrate that CSL

will support a variety of interesting functions for spintronic
applications in magnetic chiral crystals. CSL enables us to
carry magnetic information [17] and exhibits characteristic
physical properties such as magnetic-phonon-like elemen-
tary excitations [18], current-driven sliding motion [19],
and field-induced metal-to-insulator transition [20].
Therefore, direct observations of CSL have been eagerly
desired in the magnetic system.

FIG. 1 (color). Schematic diagram of crystalline and magnetic
structures of Cr1=3NbS2. (a) A unit cell of the crystal. Spin
magnetic moments of localized electrons rotate in the
ab plane along the helical c axis because of DM interaction,
giving rise to CHM. A part of left-handed CHM is schematically
drawn in ten unit cells in (b), whereas a whole left-handed CHM
in (c). (d) In magnetic fields perpendicular to the helical c axis,
CHM continuously transforms into CSL. CSL has the same
magnetic chirality as the underlying CHM.
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- Other examples are Baby Skyrmion crystals and Abrikosov lattice …

Chiral magnet



QCD phase diagram
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Rep. Prog. Phys. 74 (2011) 014001 K Fukushima and T Hatsuda

Figure 1. Conjectured QCD phase diagram with boundaries that define various states of QCD matter based on SχB patterns.

and sets a natural scale for the critical temperature of
chiral restoration. In the chiral perturbation theory (χPT)
the chiral condensate for two massless quark flavours at
low temperature is known to behave as ⟨ψ̄ψ⟩T /⟨ψ̄ψ⟩ =
1 − T 2/(8f 2

π ) − T 4/(384f 4
π ) − · · · with the pion decay

constant fπ ≃ 93 MeV [29]. Although the validity of
χPT is limited to low temperature, this is clear evidence
of the melting of chiral condensate at a finite temperature.
At low baryon density, likewise, the chiral condensate
decreases as ⟨ψ̄ψ⟩nB/⟨ψ̄ψ⟩ = 1 − σπN nB/(f 2

π m2
π )− · · ·

[30–32] where σπN ∼ 40 MeV is the π–N sigma term.
(For higher order corrections, see [33, 34].)
The chiral transition is a notion independent of the
deconfinement transition. In section 3.2 we classify the
chiral transition according to the SχB pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the
phase structure of QCD matter including conjectures which
are not fully established. At present, relatively firm statements
can be made only in limited cases—phase structure at a finite
T with a small baryon density (µB ≪ T ) and that at an
asymptotically high density (µB ≫ %QCD). Below we will
take a closer look at figure 1 from a smaller to larger value of
µB in order.

Hadron-quark phase transition at µB = 0. The QCD phase
transition at finite temperature with zero chemical potential
has been studied extensively in the numerical simulation on
the lattice. Results depend on the number of colours and
flavours as expected from the analysis of effective theories
on the basis of the renormalization group together with the
universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the
finite-size scaling analysis on the lattice [37], and the critical
temperature is found to be Tc ≃ 270 MeV. For Nf > 0

light flavours it is appropriate to address more on the chiral
phase transition. Recent analyses on the basis of the staggered
fermion and Wilson fermion indicate a crossover from the
hadronic phase to the quark–gluon plasma for realistic u, d
and s quark masses [38, 39]. The pseudo-critical temperature
Tpc, which characterizes the crossover location, is likely to be
within the range 150–200 MeV as summarized in section 4.2.

Even for the temperature above Tpc the system may be
strongly correlated and show non-perturbative phenomena
such as the existence of hadronic modes or pre-formed
hadrons in the quark–gluon plasma at µB = 0 [28, 40]
as well as at µB ̸= 0 [41–43]. Similar phenomena can
be seen in other strong-coupling systems such as the high-
temperature superconductivity and in the BEC regime of
ultracold fermionic atoms [44].

QCD critical points. In the density region beyond µB ∼ T
there is no reliable information from the first-principles lattice
QCD calculation. Investigation using effective models is a
pragmatic alternative then. Most of the chiral models suggest
that there is a QCD critical point located at (µB = µE, T = TE)
and the chiral transition becomes first order (crossover) for
µB > µE (µB < µE) for realistic u, d and s quark masses
[45–48] (see point E in figure 2). The criticality implies
enhanced fluctuations, so that the search for the QCD critical
point is of great experimental interest [49, 50].

There is also a possibility that the first-order phase
boundary ends at another critical point in the lower-T and
higher-µB region whose location we shall denote by (µF, TF)
as shown by point F in figure 2. As discussed in section 6,
the cold dense QCD matter with three degenerate flavours
may have no clear border between superfluid nuclear matter
and superconducting quark matter, which is called the quark–
hadron continuity.

In reality, the fate of the above critical points (E and F)
depends strongly on the relative magnitude of the strange quark
mass ms and the typical values of T and µB at the phase
boundary.

3
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Instability of inhomogeneous state
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•Please imagine a field φ(z) depends on z and exhibits periodic behavior.

・
・
・

・
・
・

W/ SO(3) rotational symmetry

Fluctuations

Fluctuations

It can freely rotate!

Hidaka, Kamikado, Kanazawa and Noumi (2015) 
Lee, Nakano, Tsue, Tatsumi and Friman (2015) 



Instability of inhomogeneous state
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•Please imagine a field φ(z) depends on z and exhibits periodic behavior.

・
・
・

・
・
・

・
・
・

・
・
・

W/ SO(3) rotational symmetry W/o SO(3) rotational symmetry
<latexit sha1_base64="N0PpapTpfJKVvOK+956ARsjlprk="></latexit>

B

Fluctuations

Fluctuations

It can freely rotate!

Determine a special direction!

Brauner and Yamamoto (2016); Brauner and Kadam (2017) 



What I want to discuss today
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How is the phase diagram modified by B and μB?



What I want to discuss today
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•Consider zero-temperature case.

•Skyrmion plays an important role to determine the phase structure.

•I will use the chiral perturbation theory.
- Consider the finite-B modification in a region with a relatively small μB.

Since pions do not carry baryon number, nothing 
seems to happen even if μB is considered.



Outline
•Introduction

•Chiral soliton lattice

•Domain wall Skyrmion

Son and Stephanov (2008); Brauner and Yamamoto (2017)
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Chiral perturbation theory
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LChPT =
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4
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⌃ = exp(i�a�a) , �a ⌘ ⇡a/f⇡
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hq̄qi = |hq̄qi|⌃
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Dµ⌃ = @µ⌃+ iAµ[Q,⌃] , Q = diag(2/3,�1/3)

•Order parameter is the chiral condensate:

•Nambu-Goldstone boson:

•Effective Lagrangian:



ChPT w/ topological terms

•“trial and error” U(1)em gauging while preserving baryon number conservation.
<latexit sha1_base64="gfhgv/t3l3uulgLZ0ZYUMXVtuyo="></latexit>

jµB = �✏µ⌫↵�

24⇡2
tr{L⌫L↵L� � 3ie@⌫ [A↵Q(L� +R�)]}

Skyrimon charge U(1)em gauged part

Son and Stephanov (2008); Goldstone and Wilczek (1981); Witten (1983)
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Lµ ⌘ ⌃@µ⌃
† , Rµ ⌘ @µ⌃

†⌃

Q = diag(2/3,�1/3)
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•Baryon current couples to U(1)B gauge field (minimal coupling):
<latexit sha1_base64="PghGzpp7NM6JErE6yvu0qTSMq5w="></latexit>

LB = �Aµ
BjBµ , Aµ

B = (µB,0)



sine-Gordon theory 
with the topological term

•I first ignore π±:

•Reduced Hamiltonian (B is oriented in z-direction) :

<latexit sha1_base64="UFqrBZ7c/vo7inZYusQNrSxzsKo="></latexit>

⌃ = ei�3⌧3

•B≠0 → Finite 1st derivative term → Favor φ inhomogenity

•What is a ground state at finite B?

- The last term stems from the 2nd term of the skyrmion term.
<latexit sha1_base64="b2EQjSfWFH3t0Spq1XPd2QSOJZg="></latexit>

LB = �µB
✏0ijk

24⇡2
tr{LiLjLk � 3ie@i [AjQ(Lk +Rk)]}

Brauner and Yamamoto (2017)
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Chiral Soliton Lattice
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•EOM：
<latexit sha1_base64="h7JOKOnOxkiUJ9e/aLcJYgncD4A="></latexit>

@2
z�3 = m2

⇡ sin�3

•Energy：
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E =

Z 1

�1
dzH = 8m2

⇡f⇡�
eµBB

2⇡
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BCSL =
16⇡m⇡f2

⇡

eµB
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Bẑ

π0 DW：
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�3 = 4tan�1em⇡z

•Critical B：
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Chiral Soliton Lattice
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Bẑ

π0 DW

π0 DW

π0 DW

・
・
・

・
・
・

- Pack many DWs in ground state!

- Impossible to pack due to the repulsive force.

Dautry and Nyman (1979); Hatsuda (1986); Son and Stephanov (2008); 
Nishiyama, Karasawa and Tatsumi (2015); Brauner and Yamamoto (2017)

•EOM：
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@2
z�3 = m2

⇡ sin�3

•Energy：
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E =

Z 1

�1
dzH = 8m2

⇡f⇡�
eµBB

2⇡
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BCSL =
16⇡m⇡f2

⇡

eµB
•Critical B：
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Chiral Soliton Lattice
•EOM = Pendulum:

•Analytic solution :

•Period :
<latexit sha1_base64="jkhIDv2BpMgJftrqrVwa4ZdkdC0="></latexit>

�(z + `) = �(z) + 2⇡
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@2
z�3 = m2

⇡ sin�3

Brauner and Yamamoto (2017)
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�̄ = 2am (z/,) + ⇡

：Elliptic modulus
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` = 2K()

: The complete elliptic integral of the first kind
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K()
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Minimization of the total energy
•Minimizing the total energy gives us the optimal κ.

•Energy minimization condition :

Brauner and Yamamoto (2017)

•Critical magnetic field :
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BCSL = 16⇡f2
⇡m⇡/µB
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0
dz
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⇡

2
(@z�)

2 + f2
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2
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4⇡2
B@z�

�

positive negative!
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�(`)� �(0) = 2⇡

: The complete elliptic integral of the 2nd kind
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`

◆
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=

µBB

16⇡m⇡f2
⇡

Optimal κ!
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µBB

16⇡m⇡f2
⇡

- The energy density with the minimization 
condition is smaller than that of φ3=0. 19



Fluctuations of π±
•Fluctuation around the CSL background :
•CSL is unstable against fluctuations of π± above Bπ±BEC

- Derive the effective action up to the 2nd of the fluctuations from the CSL

- When ω2<0, the fluctuation is tachyonic and CSL becomes unstable.

- Calculate the dispersion relation ω

<latexit sha1_base64="Umt/8+eyf1Ho7K9n4zxcJ+0c/ZE="></latexit>

B⇡±
BEC =

m2
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k2

⇣
2� k2 + 2

p
1� k2 + k4
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E(k)

k
=

µBB
⇡±
BEC

16⇡m⇡f2
⇡
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k = k(B⇡±
BEC)

Brauner and Yamamoto (2017)20



μB-B phase diagram

Brauner and Yamamoto (2017)
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(16⇡f2
⇡/(3m⇡), 3m

2
⇡/e)

CSL
What is a true ground state?
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Outline
•Introduction

•Chiral soliton lattice

•Domain wall Skyrmion

Son and Stephanov (2008); Brauner and Yamamoto (2017)
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What we overlooked
•The baryon current contains the Skyrmion charge, which is O(p2).

Skyrmion : π3(S3) Baby Skyrmion : π2(S2) become stable at finite μB !

- In the unstable region, π± is important element.
- The Skyrmion charge term becomes finite only when π± is considered.
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µBB@z�3 ⇢ LB
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✏0ijk
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tr{LiLjLk � 3ie@i [AjQ(Lk +Rk)]}

•When Σ has Skymion number, 1st term decreases the energy density!
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Non-Abelian soliton

24

•The single soliton:

•More general solution :

<latexit sha1_base64="cqnnbFQbLIP88b5cwdL9DbO3Rn4="></latexit>

⌃0 = ei�3✓ , ✓ = 4tan�1em⇡z

•SSB of SU(2)V → U(1)
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⌃ = g⌃0g
† = exp(i✓g⌧3g

†)

- Σ0 is invariant under 
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g = ei⌧3✓
- The collective coordinate :
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S2 moduli on the domain wall



EFT of the DW
•Construct DW world effective theory via the moduli approximation.

•Promote the moduli to a field on 
2+1 dim world volume

<latexit sha1_base64="fWkq3Znh6LWRXL0RPqT1/BYm0Bs="></latexit>

� ! �(x↵) , (↵ = 0, 1, 2)

•Integrating over the codimension z :
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� : S2 moduli on DW•This EFT identifies S2 moduli φ as dof.
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EFT for S2 moduli
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•Effective Lagrangian : <latexit sha1_base64="7WsdFvlQ/0He3QvKOOdTD/t+YVI="></latexit>

LEFT = Lconst + Lkin + Ltopo  Eto, KN and Nitta, JHEP 12 (2023) 032

•Kinetic term :

•Topological terms :
O(3) nonlinear sigma model
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- The red term stabilizes the configuration with finite k!
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π2(S2) topological charge (counting how many times xy plane covers S2 moduli)
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Baby Skyrmion
•Configuration on DW surrounding S2 :
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Bogomol’nyi bound
•Baby Skyrmion naturally appears when minimizing the Hamiltonian.

•Total energy :

•Completing the square of the kinetic term is useful!
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= 0 → BPS equation → Baby Skyrmion!
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The total energy is negative μ>μc, and baby 
Skyrmion appears in the ground state!

Some constraints on the lump
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Constraint on baby Skyrmion

•k anti-Baby Skyrmion solution:

•EDWSk, for the k anti-baby Skyrmion:

•Critical baryon chemical potential:

Can it be negative here?

•In order to minimize EDWSk, bk-1=0.
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 Eto, KN and Nitta, JHEP 12 (2023) 032

Domain wall Skyrmion
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Summary
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•We have to include the minimal coupling of pions to baryons via Skyrmions.

•At B>Bc, the parallel stack of π0 DWs is energetically stable.

•At μ>μc, baby Skyrmion appears on π0 DWs.



Future direction
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•DWSk in QCD-like theory (two-color QCD)

•DWSk in lattice gauge theory

- Two-color QCD with finite baryon chemical potential and magnetic field has no sign problem.

- CSL is QCD-like theory has been considered. Brauner, Filions and Kolesova (2019)

- Monte-Carlo simulation

- Strong-coupling expansion for calculating free energy
See also Nishida (2004) and Nishida, Fukushima and Hatsuda (2004)



Thank you for your attention!
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Back up
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Elliptic integrals and functions

•The elliptic integral of the first kind :
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•The elliptic integral of the second kind :
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EOM of the fluctuations
•Fluctuation around the CSL background :
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Giving the Landau quantization

•Chiral limit :

Deducing the energy!
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•ω2<0 : Brauner and Yamamoto (2017)
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