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Baryon

. Elementary Degrees of freedom = Quarks (up, down)

. Baryon = Particle composed of quarks
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Vieson

- Nambu-Goldstone (NG) mode of spontaneous chiral symmetry breaking
SU(Q)R X SU(Q)L — SU(Q)V

. Degrees of freedom of the low-energy dynamics = Pions

>(x) = exp (iW;Ta>



Skyrmions

. Can the baryons be made by pions (rather than quarks)?

Baryon as soliton = Skyrmion Topological number = Baryons
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- How many times R3 surrounds the
configuration space of the pions S3.




Solitonic phase

. Generally, topological solitons are energetically unstable:-:

. You can find the case where solitons appear in ground states!
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The twisting spin structure is spatially localized = soliton

- Other examples are Baby Skyrmion crysta6ls and Abrikosov lattice --:




Temperature 7

QCD phase diagram
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Instability of Inhnomogeneous state

. Please imagine a field ¢ (z) depends on z and exhibits periodic behavior.

/W/ SO(3) rotational symmetry\

Fluctuations / ‘

) JFluctuatio

. ns Hidaka, Kamikado, Kanazawa and Noumi (2015)
| £ | I Lee, Nakano, Tsue, Tatsumi and Friman (2015)
t can freely rotate! o




Instability of Inhomogeneous state

. Please imagine a field ¢ (z) depends on z and exhibits periodic behavior.

W/o SO(3) rotational symmetry
B Determine a special direction!

W/ SO(3) rotational symmetry

tuations /‘

Fluctuatio

. _/

It can freely rotate! ; Brauner and Yamamoto (2016); Brauner and Kadam (201 7)



What [ want to discuss today

B




What | want to discuss today

. Consider zero-temperature case.

. | will use the chiral perturbation theory.

- Consider the finite-B modification Iin a region with a relatively small us.

o o Since pions do not carry baryon number, nothing
— seems to happen even if us is considered.

. Skyrmion plays an important role to determine the phase structure.
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Chiral perturbation theory

. Order parameter is the chiral condensate: (Gq) = [(7q)|~

- Nambu-Goldstone boson: X = exp(icads), ¢a = Ta/[fx

] ] f2 f2m2
. Effective Lagrangian: £q.,p1 = Z”tr (D, SDHYT) 774 T(2-% -3

DY =8,5 +i4,[Q,%], Q = diag(2/3,—1/3)
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ChPT w/ topological terms

« Baryon current couples to U(1)s gauge field (minimal coupling):
Ly =—Agjpu, Ap= (us,0)

e “trial and error” U(1)em gauging while preserving baryon number conservation.

prof
]]/_;) = —- 5 tr{L,LoLg — 3ied, |[AaQ(Lg + Rg)|} L, = EQMZT , R, = Q}]TS

2477 Q = diag(2/3,—1/3)

Skyrimon charge

Son and Stephanov (2008); Goldstone and Wilczek (1981); Witten (1983)
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sine-Gordon theory
with the topological term

. | first ignore ms: Y — ¢!#373

« Reduced Hamiltonian (B is oriented in z-direction) :

2
T 2 2 92 CUB
1 — 7((9Z¢3) + f2mz (1 — cosgpsz) =

- The last term stems from the 2nd term of the skyrmion term. T

Oijk |
Ly = —HB 5 — tf% — 31e0; |A4;Q(Lk + Ri)l}

« B0 — Finite 1st derivative term — Favor ¢ inhomogenity

B&z¢3

« What Is a ground state at finite B? ,; Brauner and Yamamoto (2017)



Chiral Soliton Lattice

« EOM : 02¢3 = m7 sin ¢3 B2
¢3(—00) =0, ¢3(0c0) = 27
»

moDW: o3 = 4tan” 'e"*?

-
6/LBB
27T

« Energy - E:/ dzH = 8m2 f,

167m, f2

CUB

e Critical B : Bcst, =
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Chiral Soliton Lattice

« EOM - 8§¢3 — m721' SN ¢3

p3(—00) =0, ¢3(oc0) = 27

O

« Energy - E:/ dz H = 8m? f,

— OO

€,UBB
27T

B2 )
P g

- Pack many DWs in ground state!

167m., f2 - Impossible to pack due to the repulsive force.
CUB

e Critical B : Bcst =

Dautry and Nyman (1979); Hatsuda (1986); Son and Stephanov (2008);

Nishiyama, Karasawa and Tatsumi (2015); Brauner and Yamamoto (201 7)
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Chiral Soliton Lattice

« EOM = Pendulum: 8§¢3 — m? sin O3

¢3(0) =7, p3(f) = 27 J

514 4 3L

- Analytic solution: ¢ = 2am (Z/Ii, ,i) 4o 2 ¢ 2 2

K : Elliptic modulus

 Period: ¢(z+¥¢) = ¢(2) + 2m
{ =2kK (k)

— —
K (K ) : The complete elliptic integral of the first kind / /

18 Brauner and Yamamoto (2017)



positive negative!

« Energy minimization condition :

i Etot \ E(li) _ us b e 3
dk \ ¢ Tk 167, f2 = |
E(/{) : The complete elliptic integral of the 2nd kind = 2

. Critical magnetic field : Bcsr, = 167 f2m. /i

- The energy density with the minimization 0:

condition is smaller than that of ¢3=0. 19

B() — $(0) =27 |

1

Minimization of the total energy

« Minimizing the total energy gives us the optimal k.

¢ - 2
- 2 2 92 1B
i = | d | 0.0 + f2m2(1 —cos9) — 25 Bog|

Brauner and Yamamoto (2017)

upb

Optimal k! K

| 16, f2



Fluctuations of i+

 Fluctuation around the CSL background :

« CSL Is unstable against fluctuations of m+ above B7*gec

E(k) MBBEEC T m2

k :167mef7% BBEC:k—;(z_k2+2\/1—k?2—|—k4>

k= k(B |

- Derive the effective action up to the 2nd of the fluctuations from the CSL

- Calculate the dispersion relation w

- When w?2<0, the fluctuation is tachyonic and CSL becomes unstable. Brauner and Yamamoto (2017)



U B-B phase diagram
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What we overlooked

« The baryon current contains the Skyrmion charge, which is O(p?2).
0ijk

Lo = i gy ptr{Lils L~ 8iedh [A,Q(L + o))

A7

MBB&Z¢3 C L:B
- In the unstable region, =+ is Important element.

- The Skyrmion charge term becomes finite only when 7+ is considered.

« When 2 has Skymion number, 1st term decreases the energy density!

<\ 2/ %
NN\ S o /\]"

‘\,’, \i ™
- — : ‘r!” o
Skyrmion : m3(S3) —— . — — Baby Skyrmion : m2(S?) z‘f‘ i become stable at finite us!
— —~ f ’/}':
S S S NN\ T s
' / / / l \ NN N domain wall
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Non-Abelilan soliton

« The single soliton: f- S2 moduli on the domain wall j
o = €93Y 9 = 4tan"teMn? OO
N \\ \ W\ X l y
\H;‘k\ \\ \\f'/’// p.
P heh N W, Py
o . = y 4 N =
I luti . a o ;"’ » f’ \ —:::’ -
. More general solution : v ’/,f e ;* \\\:\ o
. v &Y N N
S~ %" = exp(ifgrsg") AARNNN
\_ ) J

« SSB of SU(2)v — U(1) | | :
| - The collective coordinate: ¢ € C=, ol =1
- 20 Is invariant under g = e' 739

Nitta (2015); Eto and Nitta (2015) gosg' = 200" — 1
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EFT of the DW

« Construct DW world effective theory via the moduli approximation.

@  :s2mogsfion DWW _—

e This EFT identifies S2 moduli ¢ as dof.

« Promote the moduli to a field on /
2+1 dim world volume \
b da®). (a=01,2) {=2cK(k) —

« Integrating over the codimension z: Lgpr = / dz LchpT + LB

Substitution

M2

% = exp(2ifpyu X" xS = 2am (
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EFT for SZ2 modull

. Effective Lagrangian : Lgpr = Leonst + Lkin + Ltopo Eto, KN and Nitta, JHEP 12 (2023) 032

. Kinetic term : Ly, = gii)[(¢TDa¢)2 + D%¢' D, o]

O(3) nonlinear sigma model

- Topological terms : £, = — 2130 62”3 B89 [Ar(1 —n3)] | n, = olo,6 |n|=1
70

- The red term stabilizes the configuration with finite k!

. 1 2(S2) topological charge (counting how many times xy plane covers S2 moduli) ™

k:/dQ:z?q
1 on on &
=5 [ (G ) / /

c7
\_ Y,
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Baby Skyrmion

« Configuration on DW surrounding S2: T =N, n®=1

o7 Polyakov and Belavin (1975)



Bogomol'nyl bound

« Baby Skyrmion naturally appears when minimizing the Hamiltonian.

C(I;) on-o0;,n -+ 2UBQ eéuB EOSjkaj [Ak(l — ng)]
T

Hpw =

« Completing the square of the kinetic term is useful!

(&Ln) (8 T T €1 X 8jn)2 T 8mqg > L£87Qq

=0 — BPS equation — Baby Skyrmion!

. Total energy : Epw > 27C(k )\k\ + 2,uBk 62/“3 /d2$603jk3‘[Ak(1 — ng)|
7T

The total energy is negatlve > U, and baby Some constraints on the lump
Skyrmion appears in the grounggstate Eto, KN and Nitta, JHEP 12 (2023) 032



Constraint on baby Skyrmion

55 ) =

wk + ap_qwk—1 + - +ag

_1_
14

« k anti-Baby Skyrmion solution: ns

~ |~

. Epwsk, for the k anti-baby Skyrmion: FEpwsi = 2nC/(k)|k| — 2uplk| + eus Blby—1]°

2 -
ety v a e o o

Can it be negative here?

e In order to minimize Epwsk, bk-1=0.

. Critical baryon chemical potential: /5 > jic = 7C(k) Eto, KN and Nitta, JHEP 12 (2023) 032
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summary

« We have to include the minimal coupling of pions to baryons via Skyrmions.
« At B>Bc, the parallel stack of mo DWs is energetically stable.

« At u>wuc, baby Skyrmion appears on mo DWSs.
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Future direction

« DWSk in QCD-like theory (two-color QCD)

- Two-color QCD with finite baryon chemical potential and magnetic field has no sign problem.

- CSL is QCD-like theory has been considered. Brauner, Filions and Kolesova (2019)

« DWSKk In lattice gauge theory

- Monte-Carlo simulation

- Strong-coupling expansion for calculating free energy
See also Nishida (2004) and Nishida, Fukushima and Hatsuda (2004)
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Thank you for your attention!
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Elliptic iIntegrals and functions

. The elliptic integral of the first kind: %' = /1 — k2

7T /2 1 A k/2 A
K(k) = dé ~ | | ] 1
(k) /0 V1 —k2sin?0 Tk (nk/Q )

» The elliptic integral of the second kind :

™/ K2 (4 1
. 9 |
E(k):/o d0V/1 — k2sin?6 ~ 1 - 5 (1I1k/2 2)
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FOM of the fluctuations

 Fluctuation around the CSL background :

i - |
Wy = | —07 + B* (:E %) T4 + (0% + 2i0, + mZe'?3)m,.

Giving the Landau quantization

. o o lpDp;
e Chiral limit: w”™ = p’ 2772]”7%

Deducing the energy!

- (2n+1)B

16W4f§
° w2<0 : BW__ — 5 Brauner and Yamamoto (2017)
Hp 36




