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QCD matter under rotation

elementary particles affected by  (= source of angular momentum)⃗Ω

heavy-ion collision

  is more crucial than either   or    ⃗Ω ∥ ⃗B ⃗Ω ⃗B

1022 Hz ⋙
103 Hz

10−2 Hz10−5 Hz

superfluid4He
107 Hz

⃗Ω ∥ ⃗B



Early attempt：Thermodynamics

Landau-Lifshitz (1958)

⃗Ω

<latexit sha1_base64="x6OdFBbRZI4xMCim3Ux6qkvTYqs="></latexit>

Z = tr exp[��(H � ⌦J )]

Vilenkin (1979)

Chen-Fukushima-Huang-Mameda (2016)

<latexit sha1_base64="I4Eh6j6Wmh1Rht8wnkLuvu+o6WE="></latexit>

⇠ H � µN

same as finite μ
Ebert et al. (2016)

NJL model under ⃗Ω ∥ ⃗B



Early attempt：Transport

⃗B

+ ー

⃗Ω

spin-rotation

+ ー

Hattori-Yin (2016)
<latexit sha1_base64="YHGY71hVKn3rT4FhzAlDFate7xM="></latexit>

⇢ =
eB⌦

4⇡2
+O(⌦2)Kubo formula

<latexit sha1_base64="pP1oYeVHtiu1KNCvsMfJVOEIASQ="></latexit>

E = E0 � ⌦(lz + sz)

spin-magnetization



Kubo formula

# of # of>+ ー

⃗B ∥ ⃗Ω

Early attempt：Transport
<latexit sha1_base64="YHGY71hVKn3rT4FhzAlDFate7xM="></latexit>

⇢ =
eB⌦

4⇡2
+O(⌦2)

Hattori-Yin (2016)



Puzzle on magneto-vortical charge

<latexit sha1_base64="2xN3z7fUrLlw2lyXpZW0vJ7OcA4="></latexit>

⇢ =
eB⌦

4⇡2
+ (divergence w.r.t. AM)
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⇢ =
eB⌦

4⇡2
+O(⌦2)

Chen-Fukushima-Huang-Mameda (2016)
Ebihara-Fukushima-Mameda (2017)

Hattori-Yin (2016)

free energy

Kubo formula



Answer?

Hattori-Yin (2016)

free energy

Kubo formula
<latexit sha1_base64="YHGY71hVKn3rT4FhzAlDFate7xM="></latexit>

⇢ =
eB⌦

4⇡2
+O(⌦2)
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⇢ =
eB⌦

4⇡2
+ (divergence w.r.t. AM)



Finial answer

I will convince you!

free energy

Kubo formula
Fukushima-Hattori-Mameda (in prep.)

<latexit sha1_base64="JkqukLPWXBXah+LC8sUB9A+cnwo="></latexit>

⇢ = �eB⌦

4⇡2
+O(⌦2)

<latexit sha1_base64="JkqukLPWXBXah+LC8sUB9A+cnwo="></latexit>

⇢ = �eB⌦

4⇡2
+O(⌦2)

correct 

correct 



Choice of angular momenta

conserved AM

gauge invariant AM

Chen-Fukushima-Huang-Mameda  (2016)

Fukushima-Hattori-Mameda (in prep.)
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Lcan = xpy � ypx

<latexit sha1_base64="+GCwx+EXu5JtnsWwd3cIOdnNqcw="></latexit>

Lkin = x⇧y � y⇧x
<latexit sha1_base64="WOkOfLkX5/gIqRr7a1qFM0d7kR4="></latexit>

⇧i = pi � eAi

<latexit sha1_base64="sjUwhtHnCzYlKdj0MryTVZXWv1A="></latexit>

J =

Z

x
 †(L+ S) 

<latexit sha1_base64="HISNc1iLYiBSGUlIPMTlPJWeUyk="></latexit>

Z = tr
h
e��(H�⌦J )

i



Classical interpretation
⃗Ω

⃗v = Ωr ̂θ
+



Classical interpretation

no longer circular

H − ΩLcan

⃗Ω ∥ ⃗B

⃗v = Ωr ̂θ

⃗F drift = eBΩ ⃗r
+

unstable



Classical interpretation

e ⃗E = − eBΩ ⃗r

for symmetric gauge
= − ⃗∇ [Ω(Lcan − Lkin)]

H − ΩLcan = H − ΩLkin+Ω(Lcan − Lkin)

gauge invariance

⃗Ω ∥ ⃗B

⃗v = Ωr ̂θ
+

stable

thermodynamic stability

⃗F drift = eBΩ ⃗r

cf. Buzzegoli (2020)



Almost solved?
<latexit sha1_base64="+GCwx+EXu5JtnsWwd3cIOdnNqcw="></latexit>

Lkin = x⇧y � y⇧x

gauge invariant AM

<latexit sha1_base64="sjUwhtHnCzYlKdj0MryTVZXWv1A="></latexit>

J =

Z

x
 †(L+ S) 

<latexit sha1_base64="p9yc0HUy+Xs5uOgQWIomRlAd0G8="></latexit>

= det
h
�i�iDi +M � �0⌦(Lkin + S)

i

<latexit sha1_base64="HISNc1iLYiBSGUlIPMTlPJWeUyk="></latexit>

Z = tr
h
e��(H�⌦J )

i
free Dirac fermion under B

How to diagonalize this?
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x
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y

×
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x
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y

×

cyclotron motion circular motion of guiding center

<latexit sha1_base64="FjXfPMSpDrE5vM3P+WYXhfdc8+o="></latexit>

Lkin = x⇧y � y⇧x = ⇤+�

<latexit sha1_base64="7ib0T42wDrFehBvkn0rzCwQQNaQ="></latexit>

� = X⇧y � Y⇧x

<latexit sha1_base64="IpV7PpGdug4bqlBF0pivQ9yQCNg="></latexit>

⇤ = (x�X)⇧y � (y � Y )⇧x

⃗X
guiding center

<latexit sha1_base64="b4dMMNLjnXHor14nudFjrktnKfg="></latexit>

= �(2a†a+ 1)
<latexit sha1_base64="frUV8Kn6SsPbdz2UOIqcOGioSYQ="></latexit>

= i(a†b† � ab)

Quantum mechanics



Lowest Landau Level (LLL)

⃗B

spin-magnetization

+ ー

⃗Ω

spin-rotation

+ ー

<latexit sha1_base64="5/kHXdnH8sAn7ac3hWhqRpLgHWw="></latexit>

hSiLLL = +1/2

<latexit sha1_base64="pP1oYeVHtiu1KNCvsMfJVOEIASQ="></latexit>

E = E0 � ⌦(lz + sz)



Lowest Landau Level (LLL)

⃗B

TAM-magnetization

+ ー

⃗Ω

TAM-rotation

+

−1 0 +1/2

<latexit sha1_base64="nVAtALZieVAQO/O6uNieQUDDGjE="></latexit>

hJkiniLLL = h⇤+�+ SiLLL = �1/2
<latexit sha1_base64="QszhwYSKrrouQsYe+1hPyFt45Go="></latexit>

hLkin + SiLLL

ー
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E = E0 � ⌦(lz + sz)



# of # of>+ ー

⃗B ∥ ⃗Ω

<latexit sha1_base64="lBShydOhZFyYfxx3Y2wYyDhnVNo="></latexit>

⇢ = �eB⌦

4⇡2This suggests

−1 0 +1/2

Lowest Landau Level (LLL)
<latexit sha1_base64="nVAtALZieVAQO/O6uNieQUDDGjE="></latexit>

hJkiniLLL = h⇤+�+ SiLLL = �1/2
<latexit sha1_base64="QszhwYSKrrouQsYe+1hPyFt45Go="></latexit>

hLkin + SiLLL



Thermodynamics

<latexit sha1_base64="RGhbYeYct9iLfKE8JdwEbXlWk8U="></latexit>

PLLL =
eB

2⇡

Z
dpz
2⇡


ln
⇣
1 + e��(✏�⌫)

⌘
+ ln

⇣
1 + e��(✏+⌫)

⌘�
=

eB⌫2

4⇡2

Fukushima-Hattori-Mameda (in prep.)
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⇢ =
@PLLL

@⌫
= �eB⌦

4⇡2massless limit ( -independent)T

ν = − Ω/2 (LLL)

<latexit sha1_base64="IdkmecPKy+N1q6P7w/Z/43zbe1g="></latexit>

Z = det
h
�i�iDi +M � �0⌦(⇤+�+ S)

i



Comparisons

<latexit sha1_base64="2xN3z7fUrLlw2lyXpZW0vJ7OcA4="></latexit>

⇢ =
eB⌦

4⇡2
+ (divergence w.r.t. AM)Ebihara-Fukushima-Mameda (2017)

⃗F drift = eBΩ ⃗r

Fukushima-Hattori-Mameda (in prep.)
<latexit sha1_base64="zBZCzCYrUrRHnpu6PXw+CqeMzow="></latexit>

⇢ =
eB⌦

4⇡2
� eB⌦

2⇡2

spin orbital
free energy (LLL)

Hattori-Yin (2016)
a mistake found

Yang et. al (2020) Mameda(2023) no Landau level formed by weak Bchiral kinetic theory

linear responce (LLL)
incorrect

correct
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⇢ =
eB⌦

4⇡2
+O(⌦2)
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⇢ =
eB⌦

4⇡2
+O(⌦2)

incorrect due to
free energy (LLL)



Yang-Yamamoto (2021)

spin orbital

for any  B only for strong B

This is -independentT

This is derived as a Chern-Simons current

YESHattori-Yin (2016)

YES

<latexit sha1_base64="zBZCzCYrUrRHnpu6PXw+CqeMzow="></latexit>

⇢ =
eB⌦

4⇡2
� eB⌦

2⇡2

Only the spin part is due to chiral anomaly?

Relation to chiral anomaly



same coefficients shared

spin orbital

<latexit sha1_base64="6w0Ru4Dk91AA7rSC7M1Sqccf0zk="></latexit>

⇢ =
@PLLL

@µ
=

eB⌦

4⇡2
� eB⌦

2⇡2
+

eBµ

2⇡2
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J =
@PLLL

@⌦
=

eBµ

4⇡2
� eBµ

2⇡2
+

eB⌦

8⇡2

charge

angular momentum
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@⇢

@⌦
=

@J

@µ
=

@2PLLL

@µ @⌦

Relation to chiral anomaly



spin orbital
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⇢ =
@PLLL

@µ
=

eB⌦

4⇡2
� eB⌦

2⇡2
+

eBµ

2⇡2
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J =
@PLLL

@⌦
=

eBµ

4⇡2
� eBµ

2⇡2
+

eB⌦

8⇡2

= j5
CSE/2
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@⇢

@⌦
=

@J

@µ
=

@2PLLL

@µ @⌦
Since  is anomaly-related, so is  j5

CSE ρ

charge

angular momentum

Relation to chiral anomaly



Summary

reformulate gauge-invariant and stable thermodynamics

Magnetovortical charge sign-inverted by cyclotron motion 

applicability to

HIC : spin polarization under strong B 
cold atoms : quantum simulator

The charge is anomaly-related

(nonrelativistic Hamiltonian can be diagonalized)


